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1 | INTRODUCTION in mathematical models of population genetics, and the ways to

model them vary depending on how low mutation rates (denoted as
Mutation is a key process in the study of evolution, serving as an u) are assumed to be and the evolutionary timescale at which they
essential source of genetic variation. Mutations are common figures take place. A commonly used mutation model is the infinite sites
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(IS) model (Hudson, 1983; Kimura, 1969), which assumes an infinite
number of sites where mutations can occur, with each new muta-
tion necessarily occurring at a unique site. Therefore, backward or
multiple mutations are not expected by this model. The IS model is
quite popular and forms the basis of widely used methods for es-
timating the scaled population mutation rate 6. Two examples are
Watterson's 8y, based on the number of segregating or polymorphic
sites in a population sample (Watterson, 1975), and x, which mea-
sures the number of nucleotide differences per site (Tajima, 1989).
Despite its popularity and representing the cornerstone of import-
ant mathematical results, the IS model has a significant limitation.
Desai and Plotkin (2008) demonstrated that the IS approximation is
suitable for most eukaryotic populations but becomes problematic
when 6 exceeds 0.05, as is often the case for microbes and viruses.
At longer timescales, back mutations become more likely, and
models accounting for more than one mutation per site have been
proposed in the context of the diffusion limit. Wright (1931) obtained
the equilibrium allele frequency distribution y (or site-frequency
spectrum (SFS)) for a model with recurrent mutations in a Wright-

Fisher haploid population expressed as:
w (% 801, 010) x XPorL(1—x)fo™! 0<x<1, (1)

where x is the frequency of allele 1 in the population, 69, = 2Nug,
and 644 = 2N, are the population mutation rates between alleles O
and 1, and N is the population size. In this model, and the ones further
developed in these pages, we assume that the population follows an
idealized dynamic governed by mutation and genetic drift, in which N
quantifies the magnitude of genetic drift in the population and can be
more specifically referred to as the effective population size.

An alternative approach to modelling multiple mutations is con-
sidering that u is generally low. Vogl and Clemente (2012) proposed
the boundary mutation (BM) model, which only considers mutations
when the population is monomorphic. According to this model, fre-
quency shifts between polymorphic states are driven by drift or
selection but not mutation. The rationale behind this assumption
is rather intuitive: The rate of drift typically outpaces p, so by the
time a new mutation occurs, the previous one would likely already
be fixed or lost in the population. Using expectations from the BM
model, Vogl and Clemente (2012) determined that it constitutes a
good approximation to the recurrent mutation (RM) model—a model
where mutations also contribute to frequency shifts—when 8 is less
than 0.05. This finding aligns with the one obtained by Desai and
Plotkin (2008) for the IS model. The direct comparison of the SFS of
the BM model with that of Equation (1) allowed for the definition of
amore lenient threshold of 0.1 (Schrempf et al., 2016), a limit further
supported by Vogl and Mikula (2021).

In contrast to the IS model, the BM model allows for reversible
mutations; however, both models overlook recurrent mutations. The
BM model thus lies between the IS and the RM models. Considering
that the BM model has sound mathematical properties (Vogl &
Clemente, 2012; Vogl & Mikula, 2021) and has found important ap-
plications in population genetics and phylogenetics (e.g. inferring

polymorphism-aware phylogenies efficiently (Borges, Boussau,
Hoéhna, et al., 2022), while accounting for directional and balanc-
ing selection (Borges, Boussau, Szollosi, et al., 2022; Braichenko
et al.,, 2024)), we here investigate the implications of assuming
boundary mutations in population genetics inference by extensively
comparing the BM and RM models (the IS model was thoroughly
tested in Desai and Plotkin (2008)). We first leverage u for vari-
ous prokaryotic and eukaryotic species (Lynch et al., 2016; Lynch
et al., 2023) to compare the SFS and estimates of N under the BM
and RM models and find significant differences between the models,
particularly in highly diverse species such as bacteria. Finally, we ex-
plore a case study involving the bacterium Pseudomonas fluorescens
(Fligge, 1886), which highlights differences in inferred selective

constraints when considering boundary or recurrent mutations.

2 | MATERIALS AND METHODS

2.1 | The site-frequency spectra of the
boundary and recurrent mutation models

The SFS at equilibrium holds great value in population genetics and
is widely used within the diffusion framework to compare popula-
tion dynamics including genetic drift, mutation and directional selec-
tion (e.g. Fisher, 1930; Kimura, 1955a, 1955b; Wright, 1931). In this
section, we obtain the expected SFS at equilibrium for the BM and
RM models on a discrete state space. These simply represent the
stationary distributions of their transition matrices, denoted as g8M
and g”M respectively.

Let us consider a population comprising a constant number N of
individuals, each carrying one of two alleles, 0 or 1, at any given time.
Let n denotes the population state where nindividuals possess allele
1, and the remaining N — n individuals have allele 0. When n=0 or
n = N, we describe the population as being in a monomorphic state,
fixed exclusively for allele O or 1. In all other instances, the population
is in a polymorphic state. Both the BM and RM models define the
transition probability q,, between states u and v similarly, incorpo-
rating two population forces: genetic drift and mutation. However,
the extent to which mutations contribute to frequency shifts differs
between the two models. Common to both models are the transition
probabilities from fixed to singleton polymorphic states:

BM _ RM BM RM
do1 =91 =Hor and gy, =dyn_1 = Hios (2)

where g, is the mutation rate from allele O to 1, and vice versa for
H10- Concerning the transitions between polymorphic states, the BM
model considers only genetic drift, while the RM model addition-
ally takes mutations into account. Drift is modelled using the Moran
model for its tractability (Muirhead & Wakeley, 2009). In particular,
we employ a model where drift and mutation are decoupled, similar
to the approaches of Ellen Baake (2008) and Etheridge et al. (2010).
Under the Moran model, at each time step, an individual is chosen to
die, and another individual (possibly the same) is chosen to reproduce

sdiy) suonipuoy pue suid 1, 3y 038 “[920¢/10/€¢] U0 A1eaqry uIUQ AS[IM DYOSIUIZIPAUERULVA £q 10SF1XOTT- 102/ 111°01/10p/wioo" Ko[im Axeiquourjuors|euinofsaq//:sdny woiy papeojumod ‘+ 520 “X01Z1#0¢

-KopmA

QSUSOIT SUOWIWO)) 9ANEAI) d[qeoridde oy £q pausoA0S a1 sA[onIe Y 9N JO SO[NI J0f AIeIqI SUIUQ) AJ[IAY UO (¢



724

BORGES

(Moran, 1958). Let us consider the scenario where the frequency of

allele 1 increases by one unit:

NN ong g™ N_n+uum, O<n<N.

n n
qu?,tli - N N qn,n+1 = N N N
(3)

The shared term in both transition probabilities reflects genetic drift
and indicates the product of the probabilities of selecting an individ-
ual 1 to reproduce and an individual O to die. The second term in the
transition probability of the RM model represents the probability of an
individual O mutating to 1. The transition probabilities for the scenario
where the allele 1 decreases by one unit remain the same in the BM
model, due to the symmetry of drift rates. However, in the RM model,
the mutation term models the opposite case, expressing the probabil-

ity of an individual 1 mutating to O:

BM N-nn

_ RM N—-nn n
qn,n—i - N

-1 TN N"‘Nllm, O<n<N. (4)

and q

In both models, following the standard Moran model (Moran, 1958),
frequency shifts exceeding one unit have probability 0. Acknowledging
that the defined transition matrix is stochastic and represents a birth-
death process, we can obtain the stationary distribution of the BM and
RM models, denoted as wBM and wRM, by solving the detailed balance
equations.

The SFS for the BM model has been previously obtained. One
approach involves disregarding all the transitions with a probability
of order 62 in a recurrent mutation model (Vogl & Clemente, 2012).
Another one consists of limiting, by construction, the mutations to
the fixed states (see supplementary material of Borges et al., 2019).
These SFS are equivalent in the biallelic case. Let y,, represents the
stationary frequency of the state n. The frequencies of the mono-
morphic and polymorphic states of the SFS of the BM model can be

defined as follows:

1 .
kB_M,,m ifn=0
N N .
SMz kB_Mﬂoj'MmHm ifO<n<N, (5)
1 .
kB_M”O:l ifn=N

where kB is a normalization constant that ensures that the SFS fre-
quencies add up to one. We have also derived the stationary frequen-
cies of the RM model for both polymorphic and monomorphic states
(see Text S1 for a detailed derivation). The SFS of the RM model is

defined as follows:

kRiMyloF(Nﬂlo+N)F(N;401+1) ifn=0
1 .
yM = kR_MN’um”Ol C(Npyo+N—n)[(Nugg+n) ifO<n<N,
n
1 .
kR—MMmF(Nﬂm+N)F(NﬂlO+1) ifn=N
(6)

k"M represents the nor-

where I'(.) denotes the gamma function and
malization constant.

Both the BM and RM models consider reversible mutations,
wherein there is always the possibility that an individual carrying
allele 0 may mutate to 1 and vice versa. Fixed sites are viewed as
outcomes of fixation, not as sites yet to mutate, as in the IS frame-
work. Consequently, unlike standard population genetic models, the
concept of derived and ancestral alleles does not apply to the BM
and RM models, and inferences can be drawn without the need to
define the direction of a mutation, as becomes clear in the following
section.

2.2 | The sample site-frequency spectra of the
boundary and recurrent mutation models

To construct an estimator of N with boundary and recurrent mu-
tations, we first need to obtain the sampled SFS of these models,
which we respectively denote as yBMand yRM. The sampled SFS rep-
resents the distribution of allele counts in a sample of M individuals
from the population.

Let us assume a population of N individuals in drift-mutation bal-
ance according to the SFS, and a hypergeometric sampling, where M
individuals are sampled without replacement from a finite population
of size N. At a given genomic position, allele 1 might vary between O
and M among the sampled individuals. These allelic counts fall into
three types: monomorphic count of type 0, when none of the sam-
pled individuals have allele 1; monomorphic count of type 1, when all
M individuals have allele 1; and polymorphic counts, when allele 1 is
observed in1to M — 1 of the sampled individuals. Assuming station-

arity, the probability of sampling a monomorphic count is

N—n n

N-M| M N-1{Mm
Xo=vo+ ) ——w, and yy=wn+ D — v, (7)

n=1 N n=M | N

M M

which includes the probability of sampling a monomorphic count from
an originally monomorphic population state (terms y g and wy), but also
from a polymorphic population state, which after the sampling process
resulted in a monomorphic count (the summation term). For polymor-

phic counts, we have:

n|| N—-n

N-M+m {m\ M —=m
Im = — Y Vn (8)
n=m N

M
which sums up over all the polymorphic population states where al-

lele 1is present with a frequency equal to or higher than m and vice
versa for allele 0. The summations in Equations (7) and (8) can be

sdiy) suonipuoy pue suid 1, 3y 038 “[920¢/10/€¢] U0 A1eaqry uIUQ AS[IM DYOSIUIZIPAUERULVA £q 10SF1XOTT- 102/ 111°01/10p/wioo" Ko[im Axeiquourjuors|euinofsaq//:sdny woiy papeojumod ‘+ 520 “X01Z1#0¢

-KopmA

QSUSOIT SUOWIWO)) 9ANEAI) d[qeoridde oy £q pausoA0S a1 sA[onIe Y 9N JO SO[NI J0f AIeIqI SUIUQ) AJ[IAY UO (¢



BORGES

725

solved using the SFS at equilibrium of the BM and RM models. If the
population is in drift-mutation balance according to the boundary
mutation model (i.e. w = wBM), allele 1 may appear with frequencies
ranging from O to M, with probabilities proportional to the following

expression:
Hao+ H1oMorN(Hy 1 —Hy_1) ifm=0
MN 5
BM
Ky & #1oﬂo1m ifO<m<M, ©9)
ot +Hor1oN(Hyo1 —Hy_g)  ifm=M

where Hy := Zle % represents a harmonic number. If the population is
in drift-mutation balance according to the recurrent mutation model
(i.e.y = w’M), and we further assume that uis unbiased (4 = pgq = p10)s
the sampled SFS of the RM model is as follows:

(1-N—Ng) T(1-2Nu—M)

T(1=Np—M) T(1—=N—2Np) ifm=0

RN M| PNy +m) T2Npu+N) T(Nu—p+M)

ifO<m<N.
”m T(Ng+1 TCNa+M) TNa+N) o™

[(1=N=Ny) T(1=2Nu—M)

T(1=Np—M) T(1—=N—2Np) ifm=N

(10)

2.3 | A Bayesian estimator of the effective
population size with boundary and recurrent
mutations

We employed the sampled SFS to develop a Bayesian estimator for
N. Let us consider a scenario where we have observed S genomic po-
sitions and obtained a vector of allelic counts ¢, where c,, represents
the number of genomic positions where m sampled individuals had
allele 1 and M — m had allele 0. Based on the expected sampled SFS
of the BM or RM model, we can define the likelihood as

M
logL (cl pto1, #10:N) = Y, log(stm)s (11)
m=0

where ZLO ¢, equals S, the total number of sampled genomic posi-
tions. We further integrated the likelihood function into a Bayesian
framework by assuming a uniform prior distribution on logN defined
over the interval [0, oo [. We estimated N using Markov Chain Monte
Carlo (MCMC) for 100,000 generations via the Metropolis-Hastings
algorithm (Hastings, 1970), using a normal proposal onlogu. The first
10% of MCMC samples were discarded as burn-in. The remaining
samples were used to assess convergence and mixing by analysing
two independent chains, which included visual inspection of trace
plots and calculation of the Gelman-Rubin statistics (Gelman &
Rubin, 1992).

To test the quality of the Bayesian estimators, we simulated data
under the sampled SFS of the corresponding model and estimated
N under the same model. We then assessed precision and accuracy
using the MCMC samples for a range of scenarios, including varying

the number of sampled individuals M = {5,10,20} and genomic posi-
tions S = { 10°,10¢, 107 }

The functions for estimating N under the BM and RM mod-
els were implemented in the R programming language (R Core
Team, 2021). A tutorial on how to use these estimators is available
via https://doi.org/10.5281/zenodo.14621213 (Borges, 2025). This
tutorial also includes a variant of these estimators for cases where
one wants to consider uncertainties, either technical or in a meta-
analysis, in u. The uncertainty associated with u is accounted for in
the inference of N by sampling u from a normal distribution defined
by user-specified mean and standard deviation during the MCMC.
This approach ensures that u is marginalized and its uncertainty fully

incorporated into the posterior distribution of N.

2.4 | Gathering mutation rates and population sizes
across the tree of life

To explore a biologically meaningful range of values for x and N, we
used previously published data from (Lynch et al., 2023). In particular,
we employed measures of u for 148 prokaryotic and eukaryotic spe-
cies, along with the silent-site diversity 65 and the species ploidy p, to
estimate N under the expectation of the infinite sites model: 65 = 2pNp.
Dataset S1 summarizes these data for all the species included in this
study and is available via https://doi.org/10.5281/zenodo.14621213
(Borges, 2025). We note that our estimates of N and those provided by
Lynch et al. (2023) are calculated differently. Lynch et al. (2023) uses
the expected neutral-site heterozygosity in a diploid population under
drift-mutation balance. Because we wanted an N matching the expec-
tation of the IS model, which was theoretically shown to relate to the
BM model (Vogl & Clemente, 2012), we did not use the estimates by
Lynch et al. (2023). However, we note that our estimates and those of
Lynch et al. (2023) are almost perfectly correlated (Figure S1).

To investigate the impact of mutation bias in the SFS of the BM
and RM models, we set py, = fuqo, Where f is the relative difference
between pg; and pq, under the constraint that %(/401 + pyo) = p. In
these analyses, we considered f = {1, 2, 5, 10}, values based on tran-

sition versus transversion rate biases reported by Lynch et al. (2023).

2.5 | Misspecifying the boundary mutation model

The misspecification analyses involved simulating data using the RM
model and estimating N under the BM model. To achieve this, we
sampled from Equation (10) and performed our inferences using the
Bayesian estimator for N with the BM model. We assessed deviations
between the estimates of the BM model and the true N by exploring
a range of y and N, based on Dataset S1. To consider the sampling
effects on the misspecified N estimates, we varied the number of
sampled individuals, M = {5, 10,20}. The number of genomic posi-
tions was constant and equal to 1 million.

To correct the estimates of N given by the BM model, we took
advantage of the bias between the N estimated in the BM model
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and the true N used to simulate allele counts under the RM model.
The idea is to find the RM N that would have generated the BM N.
Let f(u, N) represents the surface of N estimated by the BM model.
We want to know the value of N for which f(u = u,N) = N, where N'is
an estimate of the population size under the BM model, and u is the
mutation rate of a particular species. The N obtained in this manner
is the population size that was used to generate the allele counts
under the RM model. For calculating this correction, we used the

surface f calculated for a sample of 10 individuals and 1 million sites.

2.6 | The case study with Pseudomonas
fluorescens

We employed Prokka (Seemann, 2014) to annotate 10
complete genomes of Pseudomonas fluorescens: strains
L228_4038, PCL1751_2955, PICF7_2957, Ant01_21839,
2020WEIHUA _J_15229, NCTC10038_6712, W-6_15173,
KF1_15196,L111_4037 and L321_4036. The strains were obtained
from the Pseudomonas Genome Database (Winsor et al., 2015).
Subsequently, we fed the annotated assemblies from Prokka into
Roary to generate the pan-genome and the multiple sequence
alignment of 2066 protein-coding core genes (Page et al., 2015).
These multiple sequence alignments were later used to determine
the sample SFS for each of the three codon positions, resulting in
681,518 sites per codon position. We chose to combine the counts
of the AC and GT bases to mitigate compositional biases in these
bases, as the Bayesian estimator created in this study ignores
mutation biases. We proceeded with the inference of N using the
sampled SFS, employing both the BM and RM models, as well as a
variant of the RM model that considers uncertainty in u. In these
inferences, we used the Pseudomonas fluorescens u reported by
Long, Miller, et al. (2018): 9.31 + 0.66 x 10~1%. All the analyses were
conducted using R (R Core Team, 2021).

3 | RESULTS

3.1 | Comparing the site-frequency spectra of the
two mutation models

To identify scenarios where the SFS of the BM and RM models
yield distinct predictions, we conducted a comparative analysis
across a specified range for x and N, informed by data on u from
Lynch et al. (2023) and N estimated by the IS model (Dataset S1). The
dataset comprises 148 species, with u ranging from 7.6 x 107 to
47x10%and N spanning from 1.1 x 10* to 4.0 x 10°. Figure 1 de-
picts the absolute difference between the frequencies of monomor-
phic and polymorphic states as expected by the SFS of both models.
The absolute difference was measured as follows:

N-1 N-1
2= 2w
n=1 n=1

£= u/SM—u/gM|+ +|W,F\{,M—II/,E\3M7

(12)
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FIGURE 1 Comparing the site frequency spectra of the
recurrent and boundary mutation models. The isolines depict the
absolute difference between the frequencies of monomorphic
and polymorphic states, as predicted by the SFS of the BM and
RM models, each applied to the same g and N. The x and N of each
species are represented by individual dots and can be found in
Dataset S1.

where we chose to compare the sum of polymorphic frequencies in-
stead of the frequency of each polymorphic state to ensure fair inter-
specific comparisons, given that N (and consequently the number of
polymorphic states) varies significantly among the analysed species.
As expected, this difference is smaller in regions where N is smaller
and u is lower. However, it is also smaller for larger N and higher u. This
is because, in the latter case, all sites are expected to be polymorphic
under both models, though this does not imply that the SFS of the BM
and RM models is necessarily the same. This scenario is highly unre-
alistic, and none of the species studied fall within this region. Instead,
the majority of species predominantly fall in the region where the log
(base 10 logarithm) of x and N exhibits an inverse relationship (Lynch
et al., 2016). Another noticeable pattern is that while for the majority
of taxa, including vertebrates, invertebrates, vascular plants and most
protists, their SFS shows almost no differences between the models,
significant deviations are observed in most bacteria, as well as some
archaea and protists (Figure 1). A considerable proportion of bacteria
exhibit an absolute difference above 5% between the two SFS, indi-
cating that boundary mutations inadequately account for their genetic
diversity levels. Consistent with this, 53% of bacteria display a 8 higher
than 0.05, ranging between 0.007 and 0.42. These findings corrobo-
rate those of (Desai & Plotkin, 2008; Vogl & Clemente, 2012).

We highlight that bacteria exhibit the lowest u but the largest N
among the analysed species. Since 6 o< Ny, N is more likely to drive
the high levels of genetic diversity observed in bacteria and, conse-
quently, is likely the main factor contributing to the poor fit of the
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FIGURE 2 Misspecifying the boundary mutation model with recurrent mutations. (a) The isolines show the values of N estimated by the
BM model, using allele counts simulated under the RM model. The y-axis represents the true N. The red arrow on top indicates the bacterium
Pseudomonas fluorescens, which we explore further in a case study to highlight differences in inferred selective constraints when assuming
boundary or recurrent mutations. (b) Utilizing the difference between the estimated and true N observed in the contour of panel (a), we
corrected the estimates of N obtained under the IS model. Because bacteria show noticeable biases, we highlighted them in red.

BM model in general. However, we note that the coefficient of varia-
tion for u stands at 2.89, whereas that of Nis 1.67. This indicates that
uvaries more drastically across bacteria, suggesting that it might be a
key factor responsible for interspecific variation in genetic diversity.

We have also compared the SFS of the two models under mu-
tation bias, that is, when pg, # uqo- This analysis indicates that the
absolute difference between the models' SFS tends to increase with
the magnitude of the bias, albeit by a small fraction (Figure S2), not
altering the conclusions drawn in the previous paragraphs. To con-
clude, even when factoring in the likely scenario of mutation bias,

the BM assumption generally holds well low-diversity taxa.

3.2 | Misspecifying the boundary mutation model
with recurrent mutations

To gain a deeper understanding of the implications of wrongly as-
suming boundary mutations in the inference of N, we misspecified
the BM model, by generating data using the RM model and subse-
quently estimating N assuming the BM model. N plays a pivotal role in
population genetics, determining the level of variability within a pop-
ulation and the expected rate of genetic drift (Charlesworth, 2009).
Therefore, this exercise helps us determine whether the assumption
of boundary mutations is likely to alter the quantification of the ge-
netic drift level in populations evolving with recurrent mutations.
The contour plot in Figure 2aillustrates the estimated N by the BM
model across various simulated scenarios, with the true N represented

on the y-axis. In the region of the plot where u is lower, the estimated
and true N are identical (note the horizontal isolines that match the
true N; Figure 2a). However, in the region where y is higher, there is
a noticeable tendency for the estimated N by the BM model to devi-
ate from the true N. For many bacterial species and some protists, the
estimated N tends to be larger than the true N. We interpret this over-
estimation to introduce more opportunities for mutation, enabling the
diversity levels in the BM model to align with those of the RM model
for the same p. It is worth noting that the observed biases are min-
imally influenced by the number of sampled individuals (Figure S3),
suggesting that larger sample sizes would not resolve them.

Vogl and Clemente (2012) demonstrated that, in the absence of
mutation bias, the BM model produces the same expectation for the
number of polymorphisms as the IS model. This implies that the esti-
mates of N that we obtained with the IS model using the expectation
6 ~ Ny, are equal to or very close to those of the BM model. Leveraging
this expectation, we utilized the surface depicted in Figure 2a to cal-
culate the potential bias introduced by ignoring recurrent mutations in
the estimates of N under the IS expectation. In specific, we sought to
find the N under the RM model, which would likely have estimated the
obtained N under the IS model, assuming the same u. The corrected
values of N are illustrated in Figure 2b. We observed that the esti-
mates of N between the two models generally agree for the majority
of species. However, bacteria once again stand out as an exception,
where the values of N in the IS model are 1.05-5.26 times larger than
would be expected by the RM model. For instance, in vertebrates, the
biases are comparatively small, varying between 0.99 and 1.05.
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We have also noticed that the correlation between N and u
slightly improves when using the corrected N values (Pearson's cor-
relation p goes from — 0.89 to — 0.91). Nevertheless, the regression
line shows no dramatic deviations from the one using estimates of N
under the IS model (Figure 2b), suggesting that the correction should
not fundamentally change our understanding and discussions on the
relationship between p and N (Lynch et al., 2016, 2023). Differently,
when we examined the correlation among bacterial species, we ob-
served a notable improvement (Pearson's p from — 0.87 to — 0.95; red
dots in Figure 2b). We note that, in both cases, the correlation with
the corrected N contributes to a more linear relationship between
log-transformed N and u.

We further investigated whether the bias in the estimates of N
could be related to major diversification events in bacterial evolu-
tion. To address this, we conducted an analysis of variance to exam-
ine the bias across taxonomic levels (from genera to phylum) among
the 30 bacterial species. The analysis revealed no significant associ-
ations (Table S1), indicating that the observed bias does not exhibit

phylogenetic structure.
3.3 | Testing a Bayesian estimator of the effective
population size with recurrent mutations

The estimates of N using the BM model showed a notable bias in

the majority of bacterial species. To tackle this bias, we developed a

Number of sampled individuals

Bayesian estimator for N using the sampled SFS under the RM model,
7™M, It is important to note that since our approach to estimating N
relies on the SFS, the estimator likely captures a historical N rather
than a contemporary one. Furthermore, we assumed unbiased mu-
tations, a simplification that allows us to derive the closed-form ex-
pression for y®Min Equation (10) and avoid the summation over N in
Equations (7) and (8), which is computationally time-consuming and,
for large N species such as bacteria, prone to numerical errors. It is
important to note that we demonstrated that mutation biases do not
significantly impact the predictions of the SFS (Figure S2).

To assess the precision and accuracy of the Bayesian estimator,
we conducted simulations with y®M, varying the number of sampled
individuals and genomic positions. We opted to evaluate this esti-
mator for values of N typically observed in bacteria, where assuming
RM is crucial. Figure 3 shows that the estimator delivers accurate
and precise estimates of N across all simulated scenarios, even with
just five sampled individuals. Notably, the precision of the estima-
tor varies more with the number of sampled genomic positions than
with the number of individuals (comparing the width of the cred-
ible intervals between lines one and two; Figure 3). The sampling
conditions for achieving accurate estimates of N with the Bayesian
estimator align well with current population genomics studies, which
typically offer millions of genomic positions while sequencing only a
limited number of individuals. A single MCMC chain of 100,000 gen-
erations was completed in 3s across all tested scenarios (Figure S4)
on a Linux machine with an Intel Core i7-7500U CPU (2.70 GHz).
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3.4 | Measuring the effective population size of
codon positions in Pseudomonas fluorescens

Codons exhibit complex evolutionary histories influenced by mul-
tiple factors. These include constraints imposed at the nucleotide
level, such as GC-biased gene conversion (Duret & Galtier, 2009),
codon level, such as codon usage biases on synonymous codons
(Hershberg & Petrov, 2008), as well as structural and functional
constraints at the protein level (DePristo et al., 2005). These forces
interact in intricate ways, creating difficult-to-explain but often
characteristic patterns of diversity across the three codon positions.
Specifically, the first and second codon positions are typically more
conserved, while the third position is often more variable (Bofkin &
Goldman, 2006; Shapiro et al., 2005).

To illustrate the implications of assuming boundary and recur-
rent mutations beyond merely measuring the intensity of genetic
drift, we investigated signatures of constrained evolution among the
three codon positions. The idea is to use N as a proxy for the effec-
tiveness of selection, a strategy that is frequency found in the litera-
ture (e.g., Gossmann et al., 2011). Assuming a constant u, we expect
less selectively constrained evolutionary units to exhibit higher vari-
ability and estimate a larger N. Conversely, more constrained units
should estimate a lower N. We conducted this experiment in the
bacterium Pseudomonas fluorescens, a common Gram-negative, rod-
shaped microorganism, because it exhibited a particularly poor fit to
the BM model (highlighted by a red arrow in Figure 2a).
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The analyses revealed that the N estimated by the RM model
in the third position (2.623 x 107 with a 99% credible interval of
[2.610, 2.636] x 10% is 10 times larger compared to the first position
and 40 times larger than the second position (Figure 4a). This finding
is consistent with prior studies by Bofkin and Goldman (2006) and
Yang (1996), supporting the idea that the second codon position is
highly functionally constrained due to any alteration leading to a non-
synonymous change. In contrast, the third codon position is the least
functionally constrained, evolving closer to the mutational process.
When applying the BM model, a similar pattern emerges. However,
the estimated N exhibited more pronounced variations among codon
positions, with the N of the third codon position being 23 times larger
than the first position and a striking 146 times larger than the second
position (Figure 4a; note that the y-axis is in log scale).

It is noteworthy that the N of the third codon position stands
out between the two models, being four times larger in the BM
model than in the RM model (Figure 4a). This is because the third
position shows a significantly higher proportion of polymorphisms
compared to the first and second positions (43%, 7% and 2% respec-
tively; Table S2), showing levels of diversity that the BM model fails
to explain. The different fit of the sampled SFS of the two models
becomes clear when compared to the empirical frequencies. The
RM model exhibits a better fit (log-likelihoods of -1,410,991 com-
pared to -1,617,215 in the BM model) and more accurately predicts
the frequencies of observed monomorphic and polymorphic counts
(Figure 4b).
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FIGURE 4 Quantifying the effective population size across codon positions in the bacterium Pseudomonas fluorescens. (a) Using genomic
data from 10 strains and 2066 core genes of P. fluorescens, we estimated N across the three codon positions. We applied both the BM and
RM models with a punctual estimate of u, and additionally, an RM model that considers uncertainty in u. For these analyses, we used the u
reported by Long, Miller, et al. (2018) as 9.31 x 10! with a standard error of 0.66 x 107%. The dots represent the posterior means and the
horizontal bars the 99% credible intervals. (b) Comparison between the empirical and predicted sampled SFS on the third codon position of
10 strains of P. fluorescens.
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The previously mentioned estimates for N were based on a single
value of u. However, according to Long, Miller, et al. (2018), the muta-
tion rate for P. fluorescens is 9.31 + 0.66 x 107'% Given the adoption of
a Bayesian framework, this error interval surrounding x can be seam-
lessly integrated into the inferences. We observed that incorporating
the uncertainty in p results in broader credible intervals, with their
width increasing by 4%-17% (Figure 4a). It is worth mentioning that
considering uncertainty in u proves valuable not only in incorporating
technical errors in the measurement of y—such as those arising from
sequencing techniques (Salk et al., 2018)—but also in the broader con-
text of meta-analysis, as it allows for the combination of x from various
independent studies. We further note that this addition does not com-

promise the computational performance of the estimator (Figure S4).

4 | DISCUSSION

In this study, we conducted a comparative analysis of two mutation
models in population genetics: one assuming boundary mutations and
the other recurrent mutations. Although these models share similari-
ties, they differ in that the BM model only permits mutations in mono-
morphic or fixed states, neglecting their contribution to frequency
shifts between polymorphic states. Our analyses revealed that this
assumption holds true for the majority of species across the Tree of
Life, with bacteria being a notable exception. The observation that
the BM model fits well for most species is significant because the BM
assumption leads to simple and easily extendable models. This model
possesses notable analytical properties, facilitating the derivation of
models that explicitly calculate equilibrium distributions, substitution
rates and other informative quantities (Schrempf et al., 2016; Vogl &
Clemente, 2012; Vogl & Mikula, 2021). Moreover, the BM model can
seamlessly incorporate various modes of selection, such as directional
and balancing selection (Borges et al., 2019; Braichenko et al., 2024; De
Maio et al., 2015) and it has also found several applications in phyloge-
netic contexts, contributing to the development of efficient methods
for phylogenetic tree inference (Borges, Boussau, Héhna, et al., 2022;
Borges, Boussau, Szollosi, et al., 2022).

In highly diverse organisms, our findings show that the BM model
does not offer an accurate fit, and constraining mutations to fixed
states can be problematic (Figure 1). This result aligns with other stud-
ies questioning the general validity of the IS assumption across bacte-
ria, viruses and even in modelling intra-tumour heterogeneity during
cancer evolution (e.g. Desai & Plotkin, 2008; Kuipers et al., 2017,
McVean, 2002). Particularly, and perhaps more importantly, we have
demonstrated a tendency for N to be overestimated when assuming
the BM model, especially in populations with significant genetic di-
versity (Figure 2a). To compensate for the absence of recurrent muta-
tions, the BM model inflates N so that more mutations are generated
and the observed levels of diversity are explained. However, we note
that this adjustment is insufficient, as demonstrated in the case study
analysed here. Despite estimating a larger N, the BM model still un-
derestimates the markedly high levels of polymorphism in the third
codon position of the bacterium P. fluorescens (Figure 4b).

In bacteria, this overestimation of N is particularly noticeable,
being more than five times larger than the true N in some species
(Figure 2b). This discrepancy holds implications for bacterial stud-
ies, as they heavily rely on the quantification of N. N provides crucial
information on the rate of genetic drift, efficiency of selection and
evolution of u (Lynch et al., 2016). The reported bias suggests that
we might be downplaying the significance of genetic drift in bacterial
evolution. As N influences the rate of evolution (Lanfear et al., 2014),
we might expect that inferred evolutionary relationships and dis-
tances in bacteria could change if mutation models accounting for
recurrent mutations were used. An analysis of variance showed that
the observed bias in N does not exhibit phylogenetic signal across
taxonomic levels (Table S1), suggesting it is unlikely to significantly
alter previous phylogenetic analyses in bacteria. However, this result
should be interpreted with caution, as it is based on a sample of only
30 bacterial species, which do not comprehensively represent the
vast diversity within the bacterial domain. Further testing with larger
datasets and proper phylogenetic methods is therefore required.

Accurately estimating N is of pivotal importance to ensure the dis-
covery of statistically significant and robust relationships between N
and other features of bacterial evolution. For instance, N plays a cru-
cial role in pangenomic evolution (Andreani et al., 2017; Mclnerney
et al., 2017) and may be the primary force influencing genome size
and fluidity (i.e. the degree of dissimilarity of genomes evaluated at
the gene level) in prokaryotes (Andreani et al., 2017; Sela et al., 2016).
Additionally, N has been found to be closely tied to ecological life-
styles and life-history traits in bacteria (Bobay & Ochman, 2018;
Woolfit, 2003). While we did not revisit these findings in light of the
reported bias in N, we offer a Bayesian estimator for N with recurrent
mutations that can be readily used in future studies. The estimator,
which requires only allele frequencies, is versatile and can be applied
to analyse pooled sequencing data from experimental evolution stud-
ies (e.g. Barrick & Lenski, 2013) or metagenomic recruitment data
from microbial samples (e.g. Nayfach & Pollard, 2016). Moreover, the
estimator is computationally efficient (Figure S4) and performed well
across various sampling scenarios (Figure 3). We showed that it not
only allows for the estimation of the drift rate but also enables the in-
direct measurement of selection efficiency, as exemplified in the case
study. The findings of this case study also present a valuable opportu-
nity to underscore the importance of incorporating realistic mutation
models in population genetics. The BM model suggested much more
pronounced differences in the selective constraints among the three
codon positions, which the RM model refuted (Figure 4a).

We acknowledge that the proposed estimator, despite consid-
ering recurrent mutations, remains rather simplistic. For instance,
it does not factor in mutation biases nor selection. This estimator,
like many other strategies to estimate N (Tajima, 1989; Wang, 2005;
Watterson, 1975), relies on segregating alleles at neutral sites.
However, especially in bacteria, pinpointing strictly neutral sites
can be challenging because selection might be acting across every
nucleotide position due to their large N (Rocha, 2018; Rocha &
Feil, 2010). On the one hand, unaccounted-for directional selection
(e.g. as a form of linked and background selection or nucleotide usage
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biases (Charlesworth et al., 1993; Long, Sung, et al., 2018; Smith &
Haigh, 1974)) leads to an underestimation of N, as demonstrated in
the case study. On the other hand, balancing selection might result
in an overestimation of N. Given our current limited understanding of
the contribution of these selection modes to genome evolution, eval-
uating the correctness of the current estimates of N remains elusive.

However, we must add that the correlation between logu and
logN in bacteria is stronger (from — 0.87 to — 0.95; Figure 2b) after
correcting N for recurrent mutations. Given that selection is per-
vasive in bacteria and our estimator is agnostic to it, we expected
unaccounted-for signatures of selection to significantly contribute
to the patterns of genetic diversity in bacteria and in turn dilute the
relationship between x and N. By recapturing a better correlation
after accounting for recurrent mutations, we have evidence that the
patterns of bacterial genetic diversity are largely explained by muta-
tion. This observation also shows that simplistic assumptions about
the mutational process can significantly downplay the evolutionary
significance of mutations in the evolutionary process itself.

To conclude, this study shows that accounting for recurrent mu-
tations is crucial in highly diverse species and their omission in popu-
lation genetics models can bias estimates of the rate of genetic drift
and other processes whose intensity depends on this rate, such as
selection. Future studies are imperative to assess the joint influence
of recurrent mutations and selection, which can be achieved, for ex-

ample, by jointly modelling the distribution of fitness effects.
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